(per capita) growth rate (when population size is N)
G(N)= g(N) N total growth rate
Randomly fluctuating environment 
Randomly fluctuating environment
Several specific models (specific functions g(N)) have been proposed in the literature starting with Levins (1969) and, for the case of harvesting, with Beddington and May (1977) .
Question: Are the properties obtained model specific or real properties of the population?
Our work:
• See if you can obtain properties for general models (arbitrary functions g(N) satisfying only biologically determined assumptions and some mild technical assumptions). We seek properties on extinction or non-extinction and on existence of stationary densities.
• We consider realistic noise intensities General SDE model with constant noise intensity
• continuously differentiable strictly decreasing
"average" growth rate
Decompositions with diameter converging to 0
Intermediate points
The Riemann-Stieltjes sums have m.s. limits that depend on the choice of the intermediate points.
Stochastic integration
Itô integral (non-anticipative choice τ i,n =t i -1,n ) Nice probabilistic properties. Does not follow ordinary calculus rules.
Itô chain rule for Y(t) = h(t,N(t)) with h(t,x) of class C 1,2

Stratonovich integral
We will use Stratonovich calculus.
( ) 
General growth model with constant noise intensity
Scale density
Scale function
Speed density
Speed function Similarly, for non-attractiveness of the boundary With our assumptions we prove that:
The boundary is non-attractive (which implies non-explosion, i.e., existence and uniqueness of the solution for all times).
The boundary N = 0 is attractive if g(0 + ) < 0 and non-attractive if g(0 + ) > 0.
General growth model with constant noise intensity
When both boundaries are non-attractive and the process is ergodic and there is a stationary density given by With our assumptions, we prove that happens when g(0 + )>0.
CONCLUSIONS:
When g(0 + ) < 0, extinction occurs a.s.
When g(0 + ) > 0, there is a zero probability of extinction and there is a stationary density (the mode of which approximately coincides with the deterministic equilibrium when the noise intensity is small).
General growth model with constant noise intensity
What happens if we use Itô calculus?
CONCLUSIONS:
When g(0 + ) < σ 2 /2, extinction occurs a.s. When g(0 + ) > σ 2 /2, there is a zero probability of extinction and there is a stationary density So, we can have extinction even when the "average" growth rate at low densities is positive.
Which calculus is right?
Resolution of the controversy for constant noise intensity
(per capita) growth rate R(x) when population size is x at time t
Stochastic models
Arithmetic average growth rate R a (x) when population size is x at time t
Resolution of the controversy for constant noise intensity Geometric average growth rate R g (x) when population size is x at time t CONCLUSION (Braumann 2007a) g(x) means two different "average" growth rates under the two calculi.
It is the arithmetic average growth rate when we use Itô calculus.
It is the geometric average growth rate when we use Stratonovich calculus.
Taking into account the difference between the two averages, the two calculi completely coincide.
In both, we have extinction or stationary density according to whether the geometric average growth rate at low densities R g (0 + ) is negative or positive.
( ) Harvesting models with constant noise intensity
harvesting effort (when population size is N) (Braumann 1999b) When q(0 + ) < 0, extinction occurs a.s. When q(0 + ) > 0, there is 0 probability of extinction and there is a stationary density (the mode of which approximately coincides with the deterministic equilibrium when the noise intensity is small). Itô and Stratonovich: Braumann (2007c) . Optimal harvesting (Lungu e Oksendal 1997 , Alvarez e Shepp 1997 , Alvarez 2000 General growth model with density-dependent noise intensity Assumptions on :
• strictly positive twice continuously differentiable It is the arithmetic average growth rate when we use Itô calculus.
It is the φ−average growth rate when we use Stratonovich calculus (coincides with the geometric average when N approaches 0).
General growth model with density-dependent noise intensity
In terms of Y, the drift coefficient is, with y=φ(x), Therefore Apply φ to both sides, expand about y and notice that to obtain from which the result follows ( )
General growth model with density-dependent noise intensity ) (N σ With the assumptions made, the same conclusions hold:
• When the geometric average growth rate at low densities is negative, extinction occurs a.s.
• When the geometric average growth rate at low densities is positive, there is a zero probability of extinction and there is a stationary density Time to extinction
with the assumptions made on g and g(0 + )>0.
There is no "mathematical" extinction and there is a stationary density.
What about a population of 0.4 individuals? What about Allee effects?
Set extinction threshold a>0. We assume a<N 0 .
Note: To study pest outbreaks, we could also consider a>N 0 "Realistic" extinction occurs if ever N(t) reaches the threshold Since the process is ergodic it will do it (sooner or later) with probability one.
So, "realistic" extinction occurs a.s.
How long does it take? (Braumann 1985 , Carlos and Braumann 2005 ,2006 Time to extinction
we call extinction time
To the first passage time 
Time to extinction
Since the process is ergodic, if we let , we obtain as limit of V k (x) So, we obtain (after some indeterminations are removed) 
Extinction has 0 probability of occurring and there is a stationary density proportional to m(n) with support n>0, the mode of which is Kexp(σ 2 /(2r)).
Change of variable y = ln (n/K) Y(t) = ln ( N(t) /K ) has stationary density proportional to m(n) dn/dy, which one immediately sees to be Gaussian with mean 0 and variance σ 2 /(2r).
We can obtain the transient p. 
E E
Estimation for Gompertz additive noise model
Assume we have observations in a single trajectory at times 
Conclusions
•We have also resolved the controversy on whether to use Itô or Stratonovich calculus, which was a major obstacle to the use of these models.
Indeed, we have shown that it was due to the implicit wrong assumption that the deterministic term of the SDE meant the same average growth rate under the two calculi. We have shown that it means two different averages and that, taking into account the difference between them, the two calculi give completely coincidental results.
•We have also considered the case of harvesting models.
